Introduction.
In two earlier publications1,2 the author has considered the theory of bending of thin elastic plates with reference to the question of the boundary conditions which may be prescribed along the edges of a plate. The principal result of this work was a new system of differential equations for the deformations and stresses in thin plates. With this system of equations it is possible and necessary to satisfy three boundary conditions along the edges of a plate instead of the two conditions which Kirchhoff has first established for the classical theory.
The physical basis of these results was recognition of the fact that omission of the strain energy of the transverse shears is responsible for the contraction of the three physical boundary conditions into two conditions,** and that the problem can be treated without this omission.
While the subject is of interest from the point of view of the general theory of elasticity,3'4 it is also of some practical importance, in particular with regard to the problem of stress concentration at the edge of holes in transversely bent plates. For such problems the classical theory leads to results which are not in accordance with experiment as soon as the diameter of the hole becomes so small as to be of the order of magnitude of the plate thickness,5 6 while the new equations which take transverse shear deformation into account lead to results which are substantially in agreement with experiment. 7 The main purpose of the present paper is to give an account of the author's earlier derivations2 in simpler and more general form. While previously an isotropic homogeneous material was assumed, plates of homogeneous or non-homogeneous construction are now considered, with elastic properties which in the direction perpendicular to the plane of the plate are different from the elastic properties in directions parallel to the plane of the plate.
As a further example of application of the present system of equations, we treat the bending of a cantilever plate due to a terminal transverse load. For the homogeneous plate our result represents a minimum energy approximation to St. Venant's [Vol. V, No. 1 solution, while for the non-homogeneous (sandwich) plate the problem appears not to have been discussed previously.
As before, the results are obtained by an application of the basic minimum principle for the stresses and the Lagrangian multiplier method is used to obtain approximate stress strain relations. The discussion of the significance of the Lagrange multipliers is made more precise compared with that given in the earlier work, in accordance with comments which have been made.8 2. Statics and strain energy of plates. Let Mx and My be the bending couples H the twisting couple and Vx and Vv the transverse shear-stress resultants. Let p be the surface load per unit of area (Fig. 1) 
Equations (1) are three equations for five unknowns.
To obtain further equa- tions, use has to be made of the stress strain relations. This is done here through the means of the basic minimum principle for the stresses (Castigliano's theorem of least work) according to which the true state of stress is distinguished from all statically correct states of stress by the condition that the complementary energy be a minimum.9 8 J. N. Goodier, J. Appl. Mech. 13, A251-A2S2 (1946) .
9 E. Trefftz in Handbuch der Physik, J. Springer, Berlin, 1927, vol. 6, p. 73 and Z. angew --P(MX + My) + ~r (F; + f;)} dxdy,
The values of the constants D, Cr. and Cs depend on the properties of the material and on the nature of the stress distribution across the thickness of the plate. Examples of their calculation for homogeneous and non-homogeneous plates will be given later on.
The functions /3", (3" and w are the generalized boundary displacements of the problem. As Ili, measures the work of the boundary stresses it follows that /3" must be considered as the angle through which the moment M" turns. A corresponding definition holds for /3S. For the same reason the quantity w is to be considered as the appropriate measure of the transverse deflection of the plate. The precise meaning of /3", /3" and w, in terms of weighted averages of the three components of boundary displacement Un, Us and W, will be obtained in the following by equating the work of the boundary stresses as given by Eq. (4) to the work of the boundary stresses according to the three-dimensional theory and by reducing the expression of the threedimensional theory to Eq. (4) by introducing the assumed variation of the stresses over the thickness of the plate.
3. Variational derivation of the stress strain relations. To make the complementary energy ns -Hi, a minimum subject to the equations of equilibrium (1), these equations are multiplied by Lagrangian multipliers X", \b and Xc, respectively, and integrated over the plate area. The result is added to II,-lit and the variation of the resulting expression is made to vanish: 
Introducing Eqs. (6) into (5) and integrating by parts, we obtain the variational equation
From (7) follow the generalized stress strain relations of the problem:
The conditions along a boundary fb{x, y)= 0 are Pn = i$n or Mn = Mn, (3S = /3S or II, = 7l," w = w or F" = V".
Equations (9) are the three boundary conditions appropriate to the present theory when displacements or stresses are prescribed. They include the case of a free edge (Mn = ffs=Vn = 0) and the case of a built-in edge (/Sn = j3, = w = 0). Appropriate conditions for more general edge conditions (such as elastic support) may be derived in a similar way. The five Eqs. (8) together with the three Eqs.
(1) represent a complete system of equations for the eight functions Vx, Vy, Mx, My, H, fix, /?", w. When C, = Cn = » they reduce to the customary equations of plate theory. To obtain the appropriate (Kirchhoff) form of the boundary conditions in this limiting case one must, however, go back to Eq. (3) and therein make C, = » before carrying out the remaining analysis.
4. Integration of the system of plate equations. It is possible to transform the system of Eqs. (1) and (8) such that integration in terms of harmonic and "wave" functions is possible.
The first of the equations in final form is dVX dVy
Two further equations for Vx, Vy and w are obtained by introducing the first three Eqs. (8) into the last two Eqs. (1) and by observing the remaining Eqs. (8) and (1). The result is
where V2 = di/dx} -\-d2/dy2.
Once Eqs. (10a) to (10c) 
where (lx and /3V have been taken from the last two Eqs. (8) and use has been made of (10a).
The system (10a) to (lOf) is completed by the last two Eqs. (8).
The solution of equations (10a) to (10c) requires finding a particular integral for the load function p and finding sufficiently general solutions of the homogeneous equations. The latter is accomplished, as in the paper quoted in Footnote 2, by satisfying the homogeneous equation (10a) 
Thus, the stress function x is a combination of a harmonic function \p and a wave function i/^. And if the harmonic contribution to x is taken as the imaginary part of a complex function/(x+fy) then DV2w is the corresponding real part. From DV2w = <t> (17) it follows that, when p = 0, w itself is a biharmonic function, just as in the theory without transverse shear deformation. Some applications of these results to the solution of specific problems for isotropic homogeneous plates are to be found in an earlier paper.2 5. Homogeneous plates. The values of the constants D, C" and Ca in the strain energy expression depend on the nature of the plate material. Their determination will now be carried out under the assumption that the material of the plate is subject to the following system of stress strain relations
Equations (18) stipulate that the plate is isotropic with respect to directions parallel to the plane of the plate but has elastic properties in the direction normal to the plane of the plate which are different.
The strain energy for a plate of thickness h with the stress strain relations (18) is given by 
Ez Gz ) Equation (19) is reduced to (3) by appropriate assumptions regarding the variation of the stresses across the thickness of the plate. It is rational to assume that the bending stresses vary linearly over the thickness of the plate, while the transverse shear stresses vary parabolically:
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Equations (20) and (21) satisfy two of the three three-dimensional differential equations of equilibrium provided the stress couples and stress resultants satisfy (1). From the third of the three-dimensional equilibrium equations, and from the condition that the load p is acting on the face z= +h/2, the transverse normal stress <rz is obtained:
Substituting Eqs. (20) to (22) For an isotropic material (EZ=E, vz = v, GZ = E/2(1+^)) the terms in (24) reduce to the values for these quantities which were first obtained in an earlier paper of the author2 and Eqs. (10a) to (lOf) reduce to Eqs. (I) to (VI) of the earlier paper.
In order to determine the significance of the generalized displacements j8x, /3j, and w, we write the work of the surface stresses in the form » hi2
[<Tn Un + Tnsu* + T"zW]dzds, 
J J_4/2lA2/6 A/2 A2/6 A/2 2A/3 L \A/2/J j '
Comparison of Eqs. (26) and (4) gives * With the exception of a term containing p1 which disappears when the variation is carried out and which is therefore not evaluated explicitly. [Vol. V, No. 1 6 rhl2 2 6 rh'2 z 0" = T:
.irvi-wv 2AJ_a/2 L \A/2/ J .
As Eqs. (26) and (4) (28) it is concluded that 0* and @y represent quantities which are equivalent to but not identical with components of change of slope of the normal to the undeformed middle surface, while w is a weighted average, taken over the thickness, of the transverse displacements of the points of the plate. Thus, according to the third Eq. (28), the present theory leads to approximate values not for the deflection of the middle surface of the plate but for a weighted average across the thickness of the deflections of all points of the plate which lie on a normal to the middle surface.
6. Sandwich plates. We consider a composite plate consisting of a core layer of thickness A and of two face layers of thickness t. It is assumed that r / is small compared with h and that the core ma- predominantly taken by the core plate while the bending stresses are primarily taken by the face plates (Fig. 2) .
We take for the strain energy of the composite plate the following expression* na = -JJ" [<r\j + a\,f -2vaxjOy.f + 2(1 + v)Txv,f\dxdy i r r rhli 2 2 + I I I + Tvz.c\dzdxdy,
2Gc J J J -h/2
where the subscript/refers to the face layers. The stresses in the face plates are taken to be uniform across the thickness and the relations between stresses and couples are then, * While the assumptions made in what follows should give an accurate picture (within the linear theory of bending) for combinations such as a foamy core substance and aluminum face plates they will not be sufficiently accurate for plates composed for instance of two different kinds of wood. 
t(k + t) t(h + t) t(h + t)
As no stresses <rx, try, txv are assumed to be acting through the core material, it follows from the differential equations of equilibrium that the transverse shear stresses do not vary across the thickness of the core,
Substituting Eqs. (30) and (31) into (29), we obtain
Comparison of equation (32) with equation (4) shows that for the sandwich plate the constants occurring in the system of differential equations (10) are given in terms of the dimensions and elastic properties of the plate as follows 1 (h+tYEf
The magnitude of the effect of transverse shear deformation is primarily determined by the magnitude of the quantity k. Comparing the first Eq. (24) for the isotropic homogeneous plate with the first Eq. (34) for the sandwich plate it is seen that the effect is of greater importance for the sandwich plate than for the isotropic plate whenever th Ef ^ 2(1 + v) 2 Gc 5 or whenever the ratio Ef/Gc is greater than the ratio h/t. The significance of the Lagrangian multipliers /3X, and w in the present case is determined in the same manner as for the homogeneous plate. One finds here, instead of Eqs. (28) /I 1\ 1 dp
Equations (36d) to (36f) have been given in the paper quoted in Footnote 2 for the case of the isotropic homogeneous plate. Equations (36b) and (36c) have not previously been given. They are included in order to facilitate the obtaining of particular integrals of the system of equations for load functions of the form p-cos ndf(r).
Equations (11) which define the stress function x f°r the solution of the homogeneous equations take on the form 1 dx dx
Equations (15) and (16) remain unchanged:
where \p(r, 6) is a harmonic function and i^i now satisfies the equation r a2 id i a2i
<'-Fb+7*+7;id*'-0-(
Also, as before
where now 4>(r, 6) + i\p(r, 6) = f{rea).
Suitable expressions for <£, ip and \pi are given in Eqs. (42) to (46) of the paper quoted in Footnote 2. In the present formulation which includes nonisotropic, nonhomogeneous plates the quantity h/y/10 in these equations is replaced by the quantity k defined in Eq. (12) above.
8. Bending of cantilever plate by terminal transverse load. As an example of the application of the formulas of this paper we may treat Saint Venant's problem of flexure of a beam with rectangular cross section.10'11'12 Taking a plate of width 2a and length I, held at x = 0, acted upon by a force P at x = I and free of stress along the edges y= ±a, Saint Venant's semi-inverse procedure amounts to setting From (10a), and from (10c), My = Vv = p = 0.
(38)
dy
Introducing (39) and (40) into (10b), we obtain dWx df
From Eq. (41) it follows, in view of (39) and (40), that
From (43) follows 
" -a H = 0 for y = + a.
It is apparent that as in Saint Venant's theory it is not possible to satisfy the condition of complete restraint at the fixed end and also the actual distribution of the terminal load cannot be prescribed but only its resultant. As a consequence of this the solution has general validity only at distances from the ends x -0 and x = l which are at least of the order of magnitude of the width 2a of the plate.
With px from the fourth Eq. (8) 
Equation ( 
Solving Eqs. (52) to (54) and substituting into Eqs. (42), (46), (47) and (48), we obtain the following relations for the stresses and deflections
I2 \ sinh (a/k)) I ) The magnitude of the shear rxy parallel to the faces of the plate follows from equation (58). rxy is greatest at the points (±h/2, +77) with 77 determined from
For sufficiently large values of a/k (practically when a/k>3) Eq. (60a) becomes 
V Gz 1 + xL k k J
The following table contains some values of 77 and of the factor in brackets in the expression for H. By means of (59) and (58) we may calculate the ratio of maximum shear parallel to the plane of the plate and maximum transverse shear. For a homogeneous plate we have, in view of (20) and (21) which is independent of Poisson's ratio. Equation (62c) shows the interesting fact that, for very thin plates, the horizontal shear may be larger than the transverse shear even for isotropic plates. We have confirmed this result for an isotropic plate by an exact calculation13 in which the factor 1.266 is replaced by a factor 1.342.
The analogue of Eq. (62a) for sandwich plates is obtained, by means of (30), (31) and the first Eq. (34). One finds TxvAv) _ / hGf aVv__ sinh y/kl T v / a/k _ XT"1 TXz,c{a) 1 + v r 2tGc k\_a sinha/fcJL l + ^\tanhtt/^ /J Table III contains values of the stress ratio as given by equations (62a) and (63) for a range of values of a/k and when v = Finally, it may be indicated which form the solution assumes in plate theory without the transverse shear terms. Equations (55) and (58) The load P is thus carried in part by transverse shears distributed uniformly across the width of the plate and in part by means of concentrated forces at the edges y = + a of the plate. As one would expect, no estimate is possible within the frame of the simpler theory without the transverse shear terms of the actual magnitude of the shear stresses which balance the applied load.
